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A SOLUTION OF WARNER’S 3RD PROBLEM
FOR REPRESENTATIONS OF HOLOMORPHIC TYPE!

BY
FLOYD L. WILLIAMS

ABSTRACT. In response to one of ten problems posed by G. Warner, we assign
(to the extent that it is possible) a geometric or cohomological interpretation—
in the sense of Langlands—to the multiplicty in L?(T'\G) of an irreducible
unitary representation m of a semisimple Lie group G, where I is a discrete
subgroup of G, in the case when 7 has a highest weight.

1. Introduction. Given a discrete subgroup I' of a semisimple Lie group G
and a special class of nontempered unitary representations 7 of G, we express the
multiplicity of 7 in L?(I'\G) as the dimension of the sheaf cohomology of a line
bundle over I'\G modulo a compact Cartan subgroup of G, and we find the best
vanishing theorem for this cohomology. These prototype results extend those known
in the case when 7 is a discrete series representation.

In more detail let G be connected noncompact and linear, and assume I’ is
cocompact in G and torsion free. We assume G has the rank of a maximal compact
subgroup K and we fix a Cartan subgroup H of G contained in K. Let g, £, h denote
the complexified Lie algebras of G, K, H respectively, let A = A(g, bh) be the set of
nonzero roots of g relative to b, let gg be the root space of § € A, and let Ag, A,
be the set of compact, noncompact roots respectively in A. Given a choice of a
positive system of roots A in A one can assign a unique G-invariant holomorphic
structure on the quotient D = G/H such that the space of antiholomorphic tangent
vectors at the origin is given by

(1.1) n= Z O—a-

aEAT

A homogeneous line bundle £, — D over D induced by a character A of H also has
a G-invariant holomorphic structure and thus we can consider for Y = I'\D the
space HI(Y, L) of I'-invariant £-valued harmonic C* forms of type (0,q) on D,
relative to some G-invariant Hermitian metrics on D, L. Alternately HI(Y, £»)
is the gth-dimensional cohomology of Y with coefficients in the sheaf Oy of local
holomorphic sections of I'\ L. Define

(1.2) gqA)={aeAf:(A+6,0) <0} +|{ae Af:(A+6,a) > 0}

where Af = At N Ak, Af = AT NA,, 26 = (AT) (the sum of roots in A*), (-)
is the Killing form of g, and where |S| denotes the cardinality of a set S. Assume
that A +6 is regular and let 7)1 € G (the unitary dual of G) be the corresponding
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Harish-Chandra discrete series representation of G. If mys(I') denotes the multi-
plicity of my1s in L2(T'\G) then for a very mild condition on A (see (2.10) below)
we know that

(i) HY(Y,Lx) =0 for ¢ # q()) in (1.2),
(ii) dim HIMN (Y, £y) = ma;s(T).

(1.3) is the solution of a conjecture of Langlands [2, 3]—obtained in part in [5]
and fully in [9]. It is natural to consider therefore the extent to which analogues of
(1.3) are possible for a nondiscrete series 7 € G. This is the content of problem 3
of Warner (6, p. 139]. Given such a 7 one of the first steps is to find a candidate
g(A, ) for the role of g()).

In this paper we assume that G/K has a G-invariant holomorphic structure
compatible with the choice At above and we assume that 7 € G is a highest
weight representation with a nonsingular infinitesimal character. Then we find
the right candidate g(\,7) and the analogue of (1.3)(ii). Regarding (1.3)(i) our
results indicate however that one must expect, in general, the existence of nonzero
cohomology in dimensions # g(\, ) (which prevents the immediate computation of
mx(I') by an index formula). We determine all such dimensions. The main result is
Theorem 3.9, which appears in sharper form in Theorem 3.13. Theorem 3.9 relies
basically on results developed in [4, 7, 8].

(1.3)

2. More notation. As before we shall write (@) for the sum of roots in a
subset ) of A. We denote by W, W, the Weyl groups of (g,b), (&, b) respectively,
and by 7 the set of integral linear forms on the dual space h* of h. Let AT C A be
as before, a positive system which we fix from now on. For A € h* such that A + 6
is regular, we set

PM ={aecA:(A+6,0) >0}, 260 = (PN
Qr={aeA}:(A+60a)>0}, Q)=AF—Qs,

2.1)
ba=bh+ Z 9o (a Borel subalgebra).
aeP)
Define
(2.2) = FI(AT) = {A € F:A + 6 is regular and A} -dominant};

26 = (AF), 6 =6 — 6.

If § = m+wu is a Levi decomposition of a parabolic subalgebra 8 of g with unipotent
radical v and a reductive complement m, we let A(m), A(u) denote the roots of
m, u respectively and we set

(2.3) 0,,n» = the set of noncompact roots in A(u).

Thus if P C A is any positive system and 6 contains the Borel subalgebra b +
ZaEP fa then

(24)  m=b+ > gay u= Y Bar Oun=Py—A(m)
aEA(m) a€EP—-A(m)
where P, = PN A,,. In particular if § D by for A € 7] we define

(25) Q(A; 0) = 2|0u,n N QAl - |0u,n| + |Qi\l
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Then g(A;#) is a nonnegative integer. A collection of parabolic subalgebras {;}!_,
each containing bp, A € 7, is called representative if 0y, , # 0., , fori #j, 1 <
t,J < t, and if for any parabolic subalgebra 6 O by we have 0, , = 0., , for some
i. This definition is equivalent to that given in [8]; we thank Professor Kostant for
pointing this out to us. Given such a collection we have the following important
sets: For an integer ¢ > 0

S(A,q) def {1:q(A;0;) = q and 0,, , = 0, » for some parabolic

subalgebra 6 = m +u D by with (A +6 — 68, A(m)) = 0}.

PROPOSITION 2.7. Let {0;}!_, be a representative set of parabolics D by for
A€ 7, and let = m+u D by be any parabolic such that (A+6—6A), A(m)) = 0.
Let ig be the unique index, 1 < 19 < t, such that 0,, = Ouio‘n. Then 19 €
S(A,q(A;0)). If moreover A satisfies the condition
(2.8) (A+6—5(A),a) #0 for a € QaUbyn
then in faCt QA - ou,na Q(A,O) = |QA' + lA;H - |0u,n| and S(Aaq(Aaa)) = {7’0}

Note: Since A + 6 — 6 is P(A)-dominant and Q4 U8, , C pM c pw (2.8) is
equivalent to
(2.9) (A+6—-6M . a)>0 fora€QyUby,.

PROOF OF PROPOSITION 2.7. By the definitions involved io € S(A, q(A;9)).
Conversely let ¢ € S(A,g(A;0)) so q(A;0;) @ q(A;0) and 0, » @ 0, » for some
0 = w' +m' > by for which (A +6 — 6W A(m')) & 0. Let Ny = {a €
PM:(A+6— 6™ a) = 0}. Since A +6 — 6 is P()-dominant (as just noted)
and since (A +6 — 60 A(m)) =0,

(2.6)

P = Ny U (PD) — A(m)) & Ny Ubun (cf. (2.4))
> QA =QANNAUQANOy 1.

By (2.8)

NxN0un=QaN Ny =@ = n % A = PO Y [Ny + (0]
and Qp C 0y . Then g(A;0) = |Qa] + n — |6y n| by (2.5). Similarly from (iii)

PN () (Nao =0, ,)Ub,, . = Qx=QaN0, , (again since Qx NNy = Q)

= q(A;0') = [Qal +n — |04, 4,

so by (i), (i)
a(4;0) = g(A50') = 10un] = 101 ]
Then from (v), (vi),
INAl+ 10unl = INa = 00 | + 100 ] = [Nal = [Na = 0, |
= Ny =Ny — 0, = N6, , =0,

so by (iv) 6!

wn C Bun; ie by (i), (i) bu,n = Oun. But 0y, = 0y, n; hence
1 = 1p, as desired. Q.E.D.
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For the sake of completeness we give the “mild condition” on A referred to prior
to (1.3). It is (cf. (2.9))

(2.10) A+6—-6M a)>0 for each a € PN,

3. A vanishing theorem and statement of the main result. We assume
now that G/K has a G-invariant holomorphic structure so fixed that the space of
antiholomorphic tangent vectors at the origin is given by

(31) p = Z [

acAt

(cf. (1.1)). This is equivalent to requiring that every @ € A} should be totally
positive; i.e. a+ B € Afor B€ Ay = a+ B € A}, Then also

(3.2) G/H — G/K and T'\G/H — I'\G/K are holomorphic fibrations.

As we shall wish to make immediate applications of the results of (7, 8] we assume
also that the complexification of G is simply connected. In general if P = P.,UP, C
A is a system of positive roots compatible with a G-invariant holomorphic structure
on G/K (i.e. every a € P, is totally positive), so is the conjugate system P, U—P,
which we shall denote by P. If A € 7 we also denote by A the character of H
whose differential is A and thus we consider the cohomology H9(Y, L)) defined in
§1. As A € Fj is the A;:—highest weight of an irreducible K module the sheaf
Or — I'\G/K and cohomology H?(I'\G/K, O4) are defined similarly.

THEOREM 3.3. Let A € h* be an integral form. If (A + bk,a) = 0 for some
a € A then HY(Y, L)) = 0 for every q. Assume A+ 6 is regular (so in particular

(A + 8k, @) # 0 for every o € A{) and assume every a € PN s totally positive
(¢f. (2.1)). Then HY(Y, L)) =0 unless q has the specific form

a0 0) E {a e AF:(A+6,0) <0} +q();0)

={a € A (A +6,a) <O} +2/0un N QAL = [0unl + Q)]
for some parabolic subalgebra = m + u D by for which (A +6 — 6, A(m)) = 0;
see (2.1),(2.3),(2.4),(2.5). On the other hand suppose we are given a parabolic
subalgebra = m+u D by for which (A4+6 -6, A(m)) = 0 (where we still assume
X+ & 1s regular and every a € P is totally positive). Let {6; =m; +u;}!_, be a
representative collection of parabolic subalgebras containing by (as defined earlier)
and define for an integer ¢ > 0

S(A,q) ={izq(X;0;) = q and Oy, n = 0,1,
(3.5) for some parabolic subalgebra ' = m’ +u’ D by
with (A +6 — 63, A(m')) = 0}.
Let (X, 0;) be the unigue A} -dominant integral element in the Wi-orbit of A+ 6 —
6P 4 (04, ). Then for i € S(\,q) the irreducible G-representation m,(x q,) with
A: U —P,({\)-highest weight p(A,0;) is unitarizable and the multiplicities mn N
in L?(T\G) satisfy

(3.6) dim HUOO(Y, L) = > ma, i, (D).
i€S(ha(x:0)

(3.4)
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PROOF. The fibration I'\G/H — T'\G/K in (3.2) gives rise to a spectral se-

quence which degenerates, by the Borel-Weil Theorem. If A + ¢ is regular and

A(N) def w(A + 8) — 6 € 7}, where w € Wy is the unique element such that

(w(X + 8k), Af) > 0, then one obtains, consequently,
(3.7) HYY,L,) = H7®(T\G/K,Op(n)) forg>0

where go = |[w(—=AF)NA}| = [{a € Af: (A+6,a) < 0}. Moreover HY(Y, L)) =0
if A + 6k is Ag-singular; cf. Corollaries 5.15, 5.16 and Theorem 5.24 of [1]. Note
that by our assumptions on A%, (6,,A7) =0=go = [{a € Af: (A + &, ) < 0}],
also. From the main result of [7, Theorem 2.3] applied to the right-hand side
in (3.7), one obtains the vanishing results stated in Theorem 3.3. Consider the
second part of Theorem 3.3. {wf;}!_, is a representative collection of parabolic
subalgebras containing b (), where PAM)) 2 9 PO " (08;) 0, n @ why, n (since
w e Wi = wPM =PV, as every a € PMis totally positive), and Qa(x) = wQx;
hence g(X;8;) 2 g(A(N); wb;); see (2.1), (2.3), (2.5). If we put

§(A()‘),Q) = {’L Q(A(’\)vwez) =q and (wgi)wui,n =Piw
for some parabolic subalgebras p =1+ v D by(y)

with (A(X) + 6 — §(A) A1) = 0},

where ¢ > 0 is an integer, then by Theorem 3.26 of [8] the irreducible G-representa-
tion 7, with P(A()))-highest weight

i A 48— 8 (Wb )
is unitarizable for ¢ € S(A(}), g) and the multiplicities mr, (I') in L%(T'\G) satisfy

(3.8) dim HYT\G/K,Op)) = Y. M, (D)
1€S(A(N),q)

for ¢ > 0. Now (ii) and the fact that A()) + 6§ — §(A(N) (155 w(A 486 — 6X) imply
that S(X, q) = S(A()),q). Also

PAM) def Af U—PAO) = Aty —wP® (iv) Af U-PW),

and by (i), (iii) ps = w(A + 6 — 8P + (B, ,»)); i-e. p; is the unique A -dominant
integral element in the Wy-orbit of A +6 — 6(*) + (8, ») so by definition of u(},6;),
1(X,0;) = p;. Note that (iv) can also be written as A U —pM = wP™. Theo-
rem 3.3 now follows (i.e. (3.6) follows) by (3.7), (3.8) if we take g there equal to
q(X, 0),q(X; 0) respectively, since g(A,8) — go = q();0) by (3.4). Q.E.D.

A corollary of Theorem 3.3 is the following main result.

THEOREM 3.9. Let A € h* be an integral form such that A + 6 1s reqular and
such that every a € PN s totally positive (cf. (2.1)). Let 0 = m + u be a
parabolic subalgebra containing the Borel subalgebra by = b+ p(r) 8a for which
(A+6—6()  A(m)) = 0 and let u(A, 0) be the unique A} -dominant integral element
in the Wi-orbit of A+ 6 — 8P + (8, ); cf. (2.1),(2.3),(2-4). Then the irreducible
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G-representation m,( gy with Af U —P,(LA)-highest wetght (A, 0) ts unitarizable and
if, in particular, A satisfies

(3.10) A+6-6W a)#0 for a € QrUbun
then the multiplicity my, , , (T) of mu(x 6y in L*(T\G) satisfies
(3'11) m"'u(,\,o)(r) = diqu()\)“’n_Iou,n'(Y’ EA)

where q(A) 1s given by (1.2), 2n = dimgp G/K (i.e. n = |A}]); ¢(A) +n — |0un| =

q(X,0) (see (3.4)) and (3.10) implies in fact that Qx C Oy,. In general, apart
from the hypothesis (3.10), (3.11) holds with q(\) + n — |0, | replaced by q(X,0) of
S(A,q(X;0)) in (3.6) reduces to a single element. The cohomology H*(Y, L)) can
survive only in dimensions sharply specified in Theorem 3.3.

PROOF. We shall exploit freely the notation of the preceding proof. As {6;}!_,

is a representative collection of parabolics D by, 6, o Ousy.n for some unique

10, 1 <ig <t; equivalently, for wf D by(y)
(W0)wun = (Whig )wuyy . = Wl 0
Also
(AN + 6 = 6P A(wm)) = (wA+ 6 = 6N), wA(m)) = (A+6 — 6P A(m)) =0,

by hypothesis, so ig € S(A(A),q(A(A);wh)) by Proposition 2.7 (applied to w8),
where

S(A(A), g(A(X); wh)) = S(A(A), q(A(A); wd))

(in the notation of the preceding proof)
(vi)
= S(Aq(X;0)),
and where p(X,0;,) = pig = w(A+6 = 8B + (B, ) = w(A+ 86— 6P + (0 ),

by (v). That is, u(},6) = p,, by definition of u(A,6) and thus 7,5 g) o Ty =
Tu()6;,) IS unitarizable (as we have already observed that m,,, is unitarizable for any
1€ S(A()),q),q > 0) and u(),0) is a P _highest weight; P Atu—pPY.
It should be noted that the unitarizability of 7,5 ¢y also follows directly from [4]
of course. Now if X satisfies (3.10), then A()) satisfies (A(A) + 6 — 6(*), ) # 0 for
@ € Qap) U (wh)wun = wQx Uwby n = w(@x U by ) so by Proposition 2.7 (again
applied to wd), Qa(x) C (W)wu,n, G(AN);wh) = |Qan)| + 1834 ] = [(w8)wu,n|, and
S(A(N),q(A(A);wh)) = {do}. That is, @x C Oupn, q(X;0) = [Qx] + 1 — [funl, and

(by (vi)) S(A,q(X;9)) (i) {i0}. In particular,

a0, 0) L {a e Af: (A +6,a) < 0} +q(X;0) (see (3.4))
=q(A) +n — [0yl
(see (1.2) and (2.1)), and by (vii), (viii) equation (3.6) reduces to equation (3.11).
If S(),q(X;0)) reduces to a single element, even without assumption (3.10), then

S(/\ q(X;8)) = {4o} and again (vii) and (3.6) imply (3.11) provided g(A) +n — [0y x|
n (3.11) is replaced, more generally, by ¢(A,0). Q.E.D.
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REMARKS. We have seen that u()\,6) in Theorem 3.9 is given by u(),0) =
AN + 6 — 644D 4+ w(f,.,) where w € Wi is the unique element such that
(w(A + 6),Af) > 0 and A(N) = w(A + &) — & € % (see (2.2)). Note that
(wA +8),AF) = (w(X + 6), A} since (wdn, Af) = (6p,AF) = 0. Also in The-
orem 3.9, A} U PP = PN = PAN Now suppose we choose § = b in
Theorem 3.9. Then

Bun = P = p(X,b5) = A(X) + 6883 + 6,

( I P,(,A(’\))). That is, u(A, b)) is the lowest K-type of the discrete
series representation corresponding to the regular element A(A) + 6. The latter
representation is unitarily equivalent to that corresponding to the regular element
A+ 6 since A(A) + 6 = w(A + 6) with w € Wy. Thus 7, ,) is the holomorphic
discrete series representation of G corresponding to the regular element A+6 and the
holomorphic Weyl chamber A} U —P™. Condition (3.10) then becomes condition
(2.10), and (3.11) reduces to (1.3)(ii). Also in (3.4) (again for the choice 6§ = b))

200u,n N QA = [0un] + Q4] = 21Qal = n + Q4] = [Qx] = a(A, bx) = q())
in (1.2). That is, the vanishing result in Theorem 3.3 reduces to (1.3)(i).

A special case of interest is the case @) = 0; i.e. A satisfies (A +8,A}) < 0 or,
equivalently (A(A) + 6,AF) < 0 since wA} = A+, Then P\ = —AF = every
a € PV is totally positive, and g(A;0) in (3.4) is 20 — [fun| + 7 = n — |funl,
so that q(A,0) = [{@ € Af: (A +8,0) < 0} +n — |0,,] (3.5) becomes for ¢ =
q(X;0) =n — [0u,n]

S(Aq(X0)) = {1 0u;n] = |0u,n] and Ou, n = 0 5
(3.12) for some parabolic subalgebra 8’ = m’ +u’ D b,
with (A +6 — 6 A(m")) = 0}
for a representative collection {f; = m; + u;}t_; D by; cf. (2.3), (2.4). Also
PAOD = AfU-Af =BT =2 660D =26, = u(),0) = AX) + 26, + W (0 n)-
Thus Theorem 3.9 simplifies as follows.

THEOREM 3.13. Let A € b* be an integral form such that A\ + 6 1is regular
and such that (A + 6,A}) < 0. Let § = m +u D by as in Theorem 3.9 with
A+ 66N A(m)) = 0 or, equivalently, (A(\) + 26,, wA(m)) = 0 in the above
notation. Then the irreducible G-representation 7,y 9) with A% -highest weight
w(A,0) = A(A) + 260 + w(0u,n) ts unitarizable and its multiplicity my,, , (T') in
L%(T\G) satisfies

(3.14) M, 10 (D) = dim HI)Fn=lunl(y, £5)

where g(A) = {a € Af: (A +6,a) <0} = |w(-AF)NA[|, provided that either (i)’
(A+6-6M,a) # 0 for a € O n (o, equivalently, (A(A)+26n, B) # 0 for B € why )
or (i)' the set S(\,q();0)) in (3.12) reduces to a single element. HI(Y,Ly) =0
unless ¢ = q(A) +n — |0, .| for some parabolic 6 = m' + v’ D by such that
A+6—-6M,A(m")) =0.
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Note. In Theorem (3.13),
PR =7t pA) = AT U —w ™ AS = wT A U -AS

(see equation(@) in the proof of Theorem 3.3) so that X + 6 — Q) = X\ +26, + 6 —
w'lék.

Finally we note that for G = Sp(m, R) or SO*(2m) the set S(A, ¢(};6)) in (3.12)
reduces to a single element, for in these cases

{|0unl:0 Dby} = {(m+ 1)m2— (r+r

0<r< m} R
(m—-1m-—(r-1)r
2
cf. Table 3.4 of [7]. Thus |0y, n| # |0y, n| for r # 7

COROLLARY 3.15. For G = Sp(m,R) (m > 1) or G = SO*(2m) (m > 2)
condition (i)’ in Theorem 3.13 1is always satisfied. Hence (3.14) holds for A0
subject to the conditions of Theorem 3.13 prior to (3.14).

1<r< m} , respectively;

In a future study we hope to extend the results of this paper to more general
unitary representations having nontrivial relative (g, K) cohomology.
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